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K-theory for C*-algebras

1. Introduction

The development of C*-algebraic K-theory was initiated in the early 1970s, when G.A. Elliott classified
the so-called approximately finite dimensional C*-algebras by using their ordered Ky groups, see [2]. Since
then, C*-algebraic K-theory has become an important tool in the treatment of operator algebras, and has
been used succesfully to classify a considerably large family of separable and simple C*-algebras.

In analogy to the topological K-theory developed by Aityah—Hirzebruch, in C*-algebraic K-theory one
defines a family of functors K, from the category of C*-algebras to that of abelian groups, thus assigning
to every C*-algebra A a family of groups K,(A). The computation of these groups, usually known as the
K-groups of the algebra, provides useful information on the structure of the sets of projections and unitaries
of A.

Towards this computation, and in contrast to algebraic K-theory, there exist a number of tools that
make the treatment of the K-groups of a C*-algebra manageable. Amongst them, there are two that are
of particular importance: The first one, known as Bott periodicity, is the C*-algebraic equivalent to the
periodicity obtained in topological K-theory, and states that all K-groups of even and odd subscripts are
isomorphic to Ky and Ki, respectively; see [1, Ch. 9].

The second result, which is a consequence of the first one, allows us to construct a hexagonal exact
sequence from any exact sequence of C*-algebras. In particular, the existence of such a sequence implies
that one can compute the K-groups of a C*-algebra by studying the K-groups of one of its ideals and its
corresponding quotient; see [1, § 9.3].

Therefore, the aim of this work is to introduce the reader to C*-algebraic K-theory whilst proving these
two results. More explicitly, for any exact sequence of C*-algebras

¢

0 | —2 > A B 0, (1)
we wish to obtain the associated hexagonal exact sequence
ok o), 1 )
©
Ko(B) <—=— Ko(A) <——— Ko (1.

To this end, we will assume without loss of generality (see, for example, [4, § 1.1.5]) that (1) is of the form

0 |—L s A—T S A/ 0, (3)

where [ is an ideal of A and /, 7w are the usual inclusion and quotient mappings.

The remainder of this paper has been divided into three parts, where some familiarity with C*-algebras
is assumed. All the C*-algebraic background needed for these sections can be found in many textbooks;
see, for example, [3].

In Section 2 we recall the definitions of the K-functors as well as some of their properties. We also
introduce the notation K], which will allow us to shorten the definitions of this section and the proofs of
Section 3. As the aim of Section 2 is for the reader to get acquainted with the basics of K-theory, we omit
all the proofs.
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The index map, denoted by 41, is then defined in Section 3, where we first prove that the K’-functors are
exact and invariant under homotopy. As these functors are equivalent to the K-functors, the construction
of the index map together with this fact gives us a six-term exact sequence which is not yet cyclic.

Finally, in Section 4 we prove Bott periodicity and construct the hexagonal exact sequence by closing
the sequence obtained in Section 3. Since the proofs of some of the preliminary lemmas in this section are
rather long and arduous, we only provide a reference for them.

2. An overview of C"-algebraic K-theory

In this first section we briefly review the concepts and results of C*-algebraic K-theory that will be used in
the subsequent sections. All the proofs can be found in [4, 5]. Throughout this paper, A and B will denote
C*-algebras and, given any two square matrices a, b over A, we will refer to the matrix diag(a, b) by a® b.

2.1 The projection group K; and the unitary group K;

We begin our overview defining the first two K-groups. As we will later prove, these are the only ones up
to isomorphism.

Proposition 2.1. Let P,(A) be the sets of projections in M,(A) and denote by P.(A) their disjoint union.
Then, by writting p ~q q if and only if p = vw* and q = v*v for some rectangular matrix v, one gets that
(Pso(A)/ ~0, ®) is a commutative monoid with the class of 0 as its unit.

Definition 2.2. For any unital C*-algebra A, the group Ko(A) is defined to be the Grothendieck group of
the monoid above, where we denote the class of an element p € P, (A) by [p]o. If A does not have a unit,
we define the group Ky(A) as the kernel of the map Ko(m): Ko(A) — Ko(C), where Ko(m)([plo) = [7(p)]o
and 7 is the usual projection map from A to C applied entry-wise (here, we use A to denote the unitification

of A).

Remark 2.3. It can be shown that every element in Ky(A) is of the form [p]o—[1,®0n]o for some projection
p € Pso(A) whose scalar part s(p) is 1, @ 0,. Moreover, if A is unital, it follows from its construction that
every element in Kp(A) is of the form [p]o — [g]o for some p, g € Po(A), where we can assume that both
projections are of the same size.

As A is equipped with a norm, we can study its induced topology. In particular, we say that two
elements a and b are homotopic in a subset S C A, in symbols a ~, b, if there exists a continuous path
in S going from a to b. For example, given two projections p, ¢ homotopic in P,(A), one can see that
[plo = [g]o. Conversely, if [plo = [g]o, then p & 0s ~p g @ O; for some positive integers s and t.

We will also say that two x-homomorphisms ¢o and (3 from A to B are homotopic if there is a

continuous map t — ¢; from [0, 1] to the *-homomorphisms from A to B such that t — ¢(a) is a
homotopy for each a € A. Moreover, two C*-algebras A and B are said to be homotopic if there exist two
x-homomorphisms ¢ and ¢ such that ¢ o ¢ ~, idg and ¢ 0 ¢ ~, ida.
Proposition 2.4. Let A be a unital C*-algebra and consider the set Us(A) = UnUp(A), where U,(A)
denotes the set of all unitary n x n matrices over A. Then, the equivalence relation “u ~1 v if and only
ifu®d1l, ~, ve 1y in Uy(A) for some suitable integers n, m, and N” makes (Uxo(A)/ ~1,®) into a
commutative group with the class of 1 as its unit.
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Definition 2.5. Given a unital C*-algebra A, the group Ki(A) is the commutative group defined above,
where we refer to the class of a unitary u € Ux(A) as [u]i;. If A does not have a unit, we define

Kl(A) = Kl(A)

Remark 2.6. It can be proven that every element in Ki(A) is of the form [u]; with u € U%(A), where

UL (A) is the set of unitaries whose scalar part is of norm 1.

Example 2.7. It is easy to see that two elements p, g € P, (C) are equivalent under ~ if and only if
dim(Im(p)) = dim(Im(q)). Thus, it follows that Ko(C) = Z. Moreover, recall that a unitary v in a unital
C*-algebra is homotopic to 1 in U(A) if and only if its spectrum is not T; see [4, Lem. 2.1.3(ii)]. Therefore,
as all unitaries in Us(C) have finite spectrum, they must be equivalent to 1 under ~1. This implies that
K1(C) = 0. One can also adapt these arguments to see that Ko(B(H)) = K1(B(H)) = 0 for any separable
infinite dimensional Hilbert space H.

2.2 Suspension functor and higher index K-groups

Once the Ky and Ki groups have been defined, one can make use of the suspension functor S to define
two families of groups: the higher index K-groups and the K’-groups. Even though these two families turn
out to be the same, the introduction of the K’-groups allows us to simplify both the definitions and proofs
regarding the properties of the higher index K-groups.

Recall that the suspension functor S is an exact covariant functor mapping a C*-algebra A to SA :=
{f € C(T,A) | f(1) =0}, and a *-homomorphism ¢: A — B to the x-homomorphism S¢ from SA to SB
defined as S¢(f) = ¢ o f.

Definition 2.8. By using the notation S° = id and S” = §" ! 0 S, we define the higher index K-groups
Kn(A) = K1(5"1A) and the K’-groups K, (A) = Ko(5"(A)).

Now let ¢: A — B be a x-homomorphism. We denote by K (¢): K (A) — K. (B) the group homo-
morphism K, (¢)([plo — [s(p)]lo) = [S"é(p)]lo — [S"é(s(p))]o. One can check that this definition makes K|,
into functors. A proof of the theorem below can be found in [5, Thm. 7.2.5].

Theorem 2.9. Given any C*-algebra A, consider the map 04 ,: Kn(A) = K, (A) defined as

Oan([ul) = W(1m ® 0m)wlo — [Ln @ Omlo,  u € UA(S™LA),

where w is a homotopy between 1, and u @ u* in Ugm(S”_lA). Then, 04 , is an isomorphism for every
integer n > 1.

Definition 2.10. Given a *-homomorphism ¢: A — B, we define K,(¢): Kn(A) — Kin(B) as Kn(¢) =
05’1,, o K (¢) 0 04, Together with this definition, the K-groups also become functors.

3. Homotopy invariance and the index map

The goal of this section is to define the map ¢; from (2) and prove that the two rows together with the
right column of (2) form an exact sequence. However, we will first show that the K, functors are invariant
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under homotopy, as this is one of the main tools used in the explicit computation of the K groups of a
C*-algebra. Note that, by their definition and Theorem 2.9, this will imply that the functors K, are also
invariant under homotopy.

Theorem 3.1. Given two homotopic *-homomorphisms o and @1 from A to B, we have that K, (pq) =
K, (1), for every n > 0.

Proof. Fix n € N and let g be an element in Pk(SA”//4) for some k. Then, write q as the sum g = p+alg,
with p € Mi(S"A) and o € M,(C). For every t € [0,1], define the elements p; = S"¢:(p) and

q: = S"v+(q), where t — ¢, is the homotopy from ¢g to 1.

As 57, is a x-homomorphism, it follows that g; is a projection for every t. Moreover, one gets that
gt = pt + algp , and, consequently, that t — g is continuous if and only if ¢ — p; is continuous.

Now let d,: [0, 1] x T" — A be the map defined as 6(p)(t, (z1, ..., zn)) = pe(21)(22) - - - (zn), and note
that, for any two pairs (t1, 1), (t2, &2) € [0, 1] x T”, one gets

10p(t1, 1) = 0p(t2, £2)|| < [l (P(€1)) — e (P(EL)) + lIP(€1) — P(E2)]]-

Thus, since p is continuous and t — ¢; is a homotopy, we have that J, is also continuous. Furthermore,
as 0p has compact support, the map is uniformly continuous.

It then follows that t — p; is continuous and that t — g; is a homotopy of projections. Therefore, one
gets [qolo = [g1]o for any g € Poo(%), which implies the equality Ko(%) = Ko(§’\<p/1), from which
the desired result follows. O

Example 3.2. Let X be a compact, Hausdorff, and contractible topological space. Then, the Ky and K;
groups of the C*-algebra C(X, C) are isomorphic to Z and 0, respectively, as C(X, C) is homotopic to C.
Recall that X is contractible if there exists a point xp and a continuous map c: X x [0, 1] — X such that
c(x,0) = x and ¢(x,1) = xp for every x € X. Then, a pair of functions giving the homotopy between
C(X,C) and C are z — zl¢(x,c) and f +— f(xp). For more details, see [4, Ex. 3.3.6].

Proposition 3.3. For any exact sequence of the form (3), the induced sequence

Kn(7)

Kn(A) Kn(A/1) (4)

is exact for every n.

Proof. As we have previously noted, it follows from their definition and Theorem 2.9 that proving the result
for K,/7 is equivalent to proving it for K,,. Moreover, by using the functoriality and exactness of S, one can
see that the diagram

Kn(1) Ko (A) Ko (A/1)
| | |
Ko(Im(S™)) Ko(S"A) Ko(S"A/Im(S™1))

is commutative and has isomorphisms as columns, for every n > 0. Thus, we only need to prove that
ker(Ko(m)) C Im(Ko(i)), as we can restrict ourselves to n = 0 and the other inclusion is clear.
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Now, given an element [p]o — [s(p)]o in ker(Ko(7)), find a unitary u € UN(Z\\///) such that, for suitable
integers n, k, N, u(T®1,®0x) = s(p) ©1,®0k. Then, by taking a unitary w homotopic to 1oy in Usp(A)
such that #(w) = u @ u*, we can define the projection

r=w(p®1l,®0xpn)w’.
As 7(r) € Mso(C1a) by construction, it follows that r € Mo (T). In particular, we have that
[plo — [s(P)]o = [rlo — [s()]o € Im(Ko(i)),
as required. ]

Theorem 3.4. For any exact sequence of the form (3), there exists a group homomorphism &1 such that
the following sequence is exact:

Ka(1) —0 o Ky (A) Lk (ar)
Ko(r) Ko(i) yor )
Ko(A/1) <——— Ky(A) <— Ko(1).

Proof. Given an element [u]; € Ki(A/l) with u € U;(Zﬁ) we define its image through the index map
01 as
d1([u]1) = [w(1n & Ok)wJo + [1n & Oklo,

where v € U,T(M) is such that u ® v ~p 1,4k in Uj(Z\ﬁ) and w is a unitary lift of u @ v. It can be
proven that ¢; is indeed a well defined group homomorphism; see, for example, [5, Prop. 8.1.3].

Then, it follows from Proposition 3.3 that we only need to prove the equalities Im(d1) = ker(Ko(i)) and
ker(d1) = Im(Ki(7)). Moreover, note that the inclusions Im(d1) C ker(Ko(i)) and Im(Ky(7)) C ker(d1)
are clear.

Thus, let [u]; € ker(d1) with u € U$(Z/7) for some m, and let w be a unitary lift of u & u*. As
61([u]1) = 0, we can find an integer k and a matrix v € My(4yom)(/) such that w* =13, — ¢ 1, © 0,
and v*v =13, — (1 & 0m) & (1k ® 0,), where g = w(ly, & 0m)w* and n = k 4 2m.

By using the previous two equalities together with vw*v = v, it is easy to check that 7(v) = 0, & X
for some X € Mz,_m(C1;). Therefore, there exists a complex (2n + m) x (2n + m) matrix U such that

flgw @ v) =u® U. As U ~p 1opim, it follows that
[u]1 = [u]1 + [Ulx = Ki(7)([qw & v]1) € Im(Kq()).

Now let x = [plo — [1n ® 00 € ker(Ko(i)) with p € Pop(/). Then, there exists an integer k € N for
which p@® 14 ® 0 ~o (1, ® 0,) ® 14 ® 0y =: sk, with m = 3(2n + k). Moreover, we can find a complex
matrix P such that PsgP* = 1,.x & 0,4+, and, consequently, we have

g =P(p®1x®0m)P" ~0 Lpik ®0prm =:d.

Take w € UL (A) such that wqw™ = d and note that 7(w) commutes with d. It follows that #(w) = a® b
for some a € Unik(A). Finally, as w is a unitary lift of a ® b, we get

x =[qlo — [d]o = [wdw"]o — [d]o = 01(7(a)) € Im(d1),
as desired. O
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4. Bott periodicity and the hexagonal exact sequence

We begin this section by noting that Mn(§4) can be identified with the set of continuous functions
f € C(T, M,(A)) such that f(1) € M,(C13). In particular, we can write

Un(SA) = {f € C(T, Up(A)) | £(1) € Ma(C1z)}.

By using this identification, we can now define the Bott map. What follows is a combination of [4, Ch. 11]
and [5, Ch. 9]:

Definition 4.1. Let A be a unital C*-algebra and take p € P,(A). We define f, € U,,(§/z\) as the map
from T to A such that f,(z) = zp + (1, — p). The Bott map Sa: Ko(A) — Ki(SA) is then defined as

Ba(lplo — [qlo) = [fpfy]1 for any element [p]o — [g]o in Ko(A).
Remark 4.2. It can be proven that 34 is a well defined homomorphism; see, e.g., [4, § 11.1].

If A is not unital, we define the Bott map of A to be the only homomorphism for which the following
diagram is commutative:

0 Ko(A) Ko(A) Ko(C) 0
\LﬁA \Lﬁz\ lﬂc
0 K1(SA) Ki(SA) K1(SC) 0.

In particular, it follows that we only need to prove that the Bott map is an isomorphism in the unital case.
Thus, we will assume from now on that A has a unit.

We will first prove that 84 is surjective. Let GLo(M,(A)) be the set of invertible n x n matrices that
are homotopic to the identity. Then, define the following sets:

Invg := C(T, GLo(Mn(A))),

Polp, ;= {f €Invg | f(z) = iz, aj € My(A)},
i=0

Trigp, := {f € Invg | f(z) = Z aiz', aj € My (A)}.

i=—m
Remark 4.3. One can check that U,,(E/VL\) is a subset of Invg for every n, and that, if two unitaries are
homotopic in Invg, then they are also homotopic in U,(SA); see [4, § 11.2].

As we have already mentioned in the introduction, we omit the proof of the next lemma.

Lemma 4.4 ([5, Lem. 9.2.3-9.2.7]). For every unital C*-algebra A and every integer n € N, we have:

(i) for every f € Invy, there exists an integer m and an element h € Trigp, such that f ~p h in Invy;

(ii) for every integer m there exists a continuous map u7, from Pol} to Pol™ ™" such that uf(f) is

homotopic to f @ 1y, in Invg, for every f;
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(iii) for any degree one polynomial f € Pol{ there exists an element ~(f) of the form f, such that
f ~p y(f) in Pol}; moreover, the map f — ~(f) is continuous.

Proposition 4.5. The Bott map is surjective.

Proof. Let [f]1 € Ki(SA) with f € U,,(SNA). By Lemma 4.4(1), we can find an element h € Trigp, such

that f ~p hinInvg. Asz N @1y 1 ~p F in Un(SA) for every pair N, M such that N < M, we

NBOM—N
get (hzM)z"N @1y ~p (hz2V @ 1M)fI;“N for every N < M, and where py = 1y @ Op—n.
In particular, if N is large enough, hz" is polynomial. Thus, for any such N, Lemma 4.4(2) ensures
that we can find a degree one polynomial r such that hz"V @ 1; ~, r for some t. Moreover, it follows from
Lemma 4.4(3) that there exists some element f, homotopic to r.

By now adding some extra 1's in the diagonal, we have that f © 1y nr ~p fpaopyfp, and, consequently,
that Ba([plo — [pn]o) = [f]1- -

We now prove that 5, is injective. Once again, we will omit the proof of the following lemma.

Lemma 4.6 ([5, § 9.1.2 & Lem. 9.2.10]). For every unital C*-algebra A and every integer n € N, we have:

(i) the map 7: {f, | p € P,(A)} — Pp(A) sending an element f, to p is continuous;

(ii) for any homotopy f — f; in Invg, there exists a positive integer N such that f — f; can be uniformly
approximated by a homotopy ¢ — c; in Trigy that is piecewise linear. In particular, if fy, fi € Trigy,
one can set cg = fy and ¢; = f1.

Proposition 4.7. The Bott map is injective.

Proof. Let [plo — [q]o € Ko(A) be such that Ba([plo — [glo) = O or, equivalently, such that [f,fS]1 = 0.
Then, by possibly adding some zeros diagonally, we have that f, ~p, f;. By Lemma 4.6(2), we can find
a polynomial homotopy between szp and szq for some integer N. Moreover, once again adding some
zeros and ones diagonally, and using Lemma 4.4(2,3), we obtain a homotopy t +— f,, such that pg = p and
p1 = q. Finally, Lemma 4.6(1) gives a homotopy between p and g, from which we get that [p]o = [q]o
and, therefore [plo — [g]o € ker(Ba). O

Combining Propositions 4.5 and 4.7 above, one gets the desired result:

Theorem 4.8. For any C*-algebra A, the Bott map a is an isomorphism between the groups Ky(A) and
K>(A). Consequently, all the K-groups K,(A) of even subindexes are isomorphic to Ko(A), and those with
odd subindexes are isomorphic to Ki(A).

Other proofs of this result are indeed possible, such as the recent one in [6]. In it, Voiculescu's almost
commuting matrices are used to define a homomorphism a4: Ki(SA) — Ko(A), which is then shown,
with the help of Atiyah's rotation trick, to be the mutual inverse of 54 (the author thanks the anonymous
referee for this reference).

With Bott periodicity at hand, we can now construct the hexagonal exact sequence.
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Theorem 4.9. For any exact sequence of the form (3), there exists a group homomorphism &g such that
the following hexagonal sequence is exact

Ka(h) —29 g a) T karn
] La
Ko(A/1) <22 ko) <229 g,

Proof. Given an exact sequence 0 — | — A — A/l — 0, consider the suspended sequence
0—Sl—SA—S(A/l)—=0

and its corresponding index 5/1 from Theorem 3.4. Then, define dg as the composition 0711 o 5/1 o Bast,
where 9711 is the isomorphism from Theorem 2.9.

K2(A/1)
l@;lloéiK . B
san [ Ku(1) —20 g (4) Lk an)
¥
Ko(m Ko(i
Ko(A/1) <2 koa) <0 )

By Theorem 3.4, we only need to prove that the sequence is exact at Ki(/) and Ko(A/I). To do this,
simply note that the following diagram is commutative

Ko(A) — 2w ko(Af1) 2 iy (1) 2k (A)
5A1 5A//$ ié’l ' iGA
Ki(SA) 25Tk (S(A/1) — 2 Ky(S51) 25 ko (s,

and that all of its columns are isomorphisms. As the second row is exact by Theorem 3.4, so is the first
one. O

Example 4.10. Let H be an infinite dimensional separable Hilbert space and consider the Calkin algebra
Q(H) = B(H)/K(H), where K(H) is the algebra of compact operators on H. Then, the exact sequence

0 K(H) ——= B(H) —*= Q(H) —=0
induces, by Theorem 4.9, the hexagonal exact sequence

Ki(i) Ki(m)

Klu;(H» K(B(H)) Kl(ci(H))
50 ; é-1
Ko(Q(H)) <2 ko(B(H)) <22 Kko(K(H)).

Moreover, recall from Example 2.7 that Ko(B(H)) = Ki(B(H)) = 0. Thus, dp and 01 are isomorphisms.

By using that the K-groups are stable (see [4, Prop. 6.4.1 & Prop. 8.2.8]), one can also see that
Ko(K(H)) = Ko(C) = Z and that Ki(K(H)) = Ki(C) = 0. Therefore, the Ky and Ki groups of the
Calkin algebra are isomorphic to 0 and Z respectively.
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